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Topological Index as Applied to z-Electronic Systems. IV. On the
Topological Factors Causing Non-Uniform z-Electron Charge
Distribution in Non-Alternant Hydrocarbons*

Ivan GutMaAN,** Tamié YAaMAGucHL ™ and Haruo HosoyA*™*$
** Institute *“Ruder BoSkovié,”” Zagreb, Croatia, Yugoslavia
*%*% Department of Chemistry, Ochanomizu University, Bunkyo-Ku, Tokyo 112
(Received February 25, 1976)

The topological factors which cause non-uniform z-electron charge distribution in non-alternant hydrocarbons
(NAH’s) are discussed. For estimating and analyzing the net-charge density a novel topological index, topological

charge density, Q7T, is proposed.

A(x) is the secular determinant of graph G and 4, ,(x) is its adjunct with row r and column r struck out.

It is defined as QT=Re(Fy,,(1)), the real part of Fy . (9)=A4,,,(i)/A(iy), where

This quan-

tity Q7, corresponding to the Coulson net charge density Q,=1—g,, is related with the topological indices Z; and
Y, which are defined in terms of the coefficients of the characteristic polynomial of graph G. As all the newly pro-
posed indices can be enumerated graphically, one can easily estimate the net-charge densities of NAH’s.

Coulson and Rushbrooke) have proved that the
Hiickel MO theory predicts uniform s-electron charge
distribution in all the alternant hydrocarbons (AH's).
Although the structural requirements for uniform z-
charge distribution are presently well understood,? it is
not much known3-% on the same problem for non-
alternant hydrocarbons (NAH’s). A number of
empirical rules which relate the n-electron charge
distribution of NAH's with their structure are collected
in Ref. 3, but with an incomplete mathematical justifi-
cation.#? In Ref. 5 some general consequences of the
Coulson integral formula for charge density are
presented.

Until recently it has not been recognized®-!) that
useful topological information can be deduced from the
Coulson integral representation'® of several m-electron
characteristics of conjugated systems, although paral-
lelism among the several reactivity indices derived from
the Hickel MO theory were already proved.13:14)
According to Ref. 12, the total m-electron energy FE,
the bond order p,;, between atoms r and s and the
charge density Q, (not the z-electronic but net-charge
density) on atom r can be expressed as:

£= 1| R, )
brs= %SimFG,n(J’)dy: (2)
0=+ Frw, ©
where
FE(9) = N — pA'()[A() (4a)
Fa,rs(y) = ‘Ar,a(l)’)/ﬁ(’J’) (5)
Fo,,(3) = 4,,,(99)[A(9). (6)

Here i=4/—1 is the imaginary unit and 4(x)=Pe(x)=
det(xI—A) is the characteristic polynomial of the
molecular graph G with N vertices.’® A and I are the
adjacency matrix and the unit matrix, (—1)*4,
denotes A with row r and column s struck out. Note
that 4, ,=Pse,, where Gor is the graph obtained by
deletion of vertex r and all the edges incident to it from

*  Part III: J. Chem. Phys., 64, 1065 (1976).
§ To whom all the correspondence should be made.

graph G. Equation 1 holds also for the integrand?®1%
Fg*(y) =72 In | 5VPs(1/1)]. (4b)

A proof of this relation will be given in Appendix I.
Let us write Pg(x) in the form

Po(x) = o, ™

Since the relations between the coeflicients a;, and the
structure of the molecular graph G are nowadays
completely elucidated,!®!? by means of Egs. 1—3 one
can get insight into the topological factors determining
E,, p,sand Q,. However, this analysis is not simple!4
because of the complicated form of Egs. 4—6.

We have shown that E; of a number of conjugated
hydrocarbons can be approximated fairly well by
10gZs,®

E, =clog Z, (8)
where
ZG =3(- l)kazk 9)
f=r}

with m=[N/2]. It was also found that the value of
Fs** for y=1 has an analogous behavior as Z;1® In
particular, numerical analysis shows that E, is nearly
linearly related to F&* (1). The similar is valid for the
function Fg ,,. Thatis, Fg,s (1) is shown to be used
as a good index for bond orders.'V) This suggests® that
Fg, (1) may also possess interesting properties for the
study of Q,. In the present paper we would like to
demonstrate that this is indeed the case. In order to
analyze this problem two different kinds of the
topological indices for a given graph are to be defined.

Topological Indices Z; and Y¢

Let us consider the polynomial Pe(x) for x=i. Accord-
ing to Eq. 7,

Py(i) = iV(Z;+iYy) (10a)
and L
Po(—i) = (=i)"(Zo—iF0), (10b)
where two topological indices are defined as
> S (11a)

f’a =l§(—1)k+lazk+1- (11b)
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TaBLE 1. THE CHARACTERISTIC POLYNOMIAL AND THE TOPOLOGICAL INDICES Zg AND YG
FOR TYPICAL NON-ALTERNANT HYDROCARBONS

G® Pg(x) Z Ys

I xt—4x2 41 6
—2x —2

II x8—6x14+8x2—1 16
—2x 2

111 x8—8x8 1 19x4— 132211 42
— 9% —2

v A8 —Txt1122—4 23
—2x34-2x —4

Vv x8—9x6 - 24x4 — 2042 54
—4x34-8x 12

VI x10—11x8441x6—61x44-31x%2—4 149
—2x54+6x3—2x 10

VII x12— 13x104-62x8 — 134x8 4 129x% —45x2 384
—4x5+16x3—12x —32

VIII x8—Tx8+11x2+3 16
—4x3412x —16

IX x8—Ox8-122x4— 10x2 42
—2x54-10x3—4x —16

X x8—0x824x4—19x24-5 58
—2x54-8x3—4x —14

XI x12—14x19+ 7148 — 16558 180x4—82x24-9 522
—2x7+ 12x5—24x3 4 14x 52

XI1I x12—14x19 4 71x8—161x84 158x% — 54245 464
—4x74-22x6—32x34-8x 66

XIII x14—16x12-1-98x10—291x8 1+ 434x% — 305x4-1-86x2—5 1236
—2x24-12x7— 1845 +4x 28

a) See Chart 1.

5 4
3 ; 2 3 2
1 1 6
4
v v VI
4 A 1
2
1
VII VIII
5. 4
S 1 1
43 2 32
6
X X
3
1 2 4
4
5
3 5
6
3 4 6
7 8
XI 5 XII XIII
Chart 1

Hence we have
Fg*(1) = In (Z2+ T (12)

Note that Z, is always positive,!?) whereas g is zero for
an AH and may take a positive or negative value
according to the topology of a NAH as shown in Table 1,
where the characteristic polynomial and the topological
indices Z, and Y for the typical NAH’s are given.
The following relation can be shown for almost all the
NAH's (See the later discussions):

Z5 > | ¥l (13)
Thus for an AH we have

F@*(1)=InZ, (GeAH) (14)
and for a NAH the relation
Fy*(1) =¢InZ, (GeNAH) (15)

holds as expected.818)
As the Sachs theorem states thatl?

a =1
an = 3(=1)*®
Sn
it follows that
Zg =14 3Y(~1)F5y(~ 1)@
=1 S
=1+ E(—l)"(s)/“"(”. (17)
Spi

(N=>n>1), (16)

Here ¢(s) and n(s) denote the number of components and
the number of vertices of the directed Sachs graph s.
The summation in Eq. 16 runs over the set §, of all
the Sachs graphs with n(s)=n vertices which are
contained in the molecular graph G, while in Eq. 17
over the set S,, of all the Sachs graphs with even
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number of vertices which are contained in G. In
another terminology?!) a directed Sachs graph is called
a linear graph.

If graph G has no cycle, namely if G is a tree, or an
acyclic hydrocarbon, n(s)=2¢(s) and Eq. 17 leads to

_ number of Sachs graphs
Zo=1+ Z-'{ (with k disjoint edges )
= ﬁl’(G’ k) (G Tree)
=0

= Z,, (18)
where p(G, k) is the non-adjacent number and Zg the
orignal version of the topological index.??

For a non-tree graph Eq. 17 is expressed as

Zy =25+ 42, (19)
AZG = S (—1)r®/2¢e® (20)
S

where S5 runs over all the even Sachs graphs containing
at least one cycle, and 4Zg is called as the aromaticity

index.®  Figures 1 and 2 summarize all the indices,
Sachhs S
[ 52 [ Sk
index S2 S Sg
k |0 1 2 3
0/0 o—o
I
S | s
° o =
@ # 1 7 | % ! .
G I oo {3
~ gl ~°17 2 |hA
-~ I 1
ax 1| -7 1 -2 ~2
PGk | 1 7 11 2
z 26 =21 aZ=2
26 =23
Fig. 1. Relation between the Sachs theorem and the

topological indices. Even-Sachs graphs S, of graph
G=1V are given, which are divided into cycle-including
(S3) and cycle-excluding (S) graphs. The sym-
metric part of Pg(x)= (x4 —Tx+11x2—4) + (—2x%42x)
is obtained from this figure. See Table 1 and Fig. 2.

k 1 2
Skt S3 Ss
o | oo
@ 2 | 3775
0 | o
G
ENAE |
A2k -2 -2 + 4
(N"agal -2 -2
Yo -4

Fig. 2. Relation between ¥, and odd-Sachs graphs,
Syr+1, Of graph @=IV. Note that the anti-symmetric
part of Pg(x)=(x8—T7x% 41122 —4) + (—24%+ 2x) is
obtained from this figure. See Fig. 1 and Table 1.
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Zs, AZs, Z5 and Y'G, and illustrates the relation between
the Sachs theorem and the topological indices with
graph IV as an example. In Ref. 8 it is shown how a
combination of two or more cycles contributes to the
sign of 4Z¢. Here analysis will be developed in line
with the Sachs formula.

Let s contain py(s), p1(s), pa(s), and ps(s) cycles of
the size, 4m, 4m+1, 4m+2, and 4m--3, respectively.
Then'®

n=p + 2p, + 3ps

C=po+ 1+ P+ b
from which one deduces

nf2 4+ ¢ = po + (p5—p1)/2 (mod 2)

(mod 4)
(mod 4)

or
Z, = S~ 1rreorop @1
2k
One sees that Z; is closely related with the cycles
contained in the molecular graph. For example, a
couple of disjoint 4m-membered cycles increase the
Zg value as well as a combination of (4m--1)- and
(4m+3)-membered cycles, whereas a couple of (4m+1)-
or of (4m+3)-membered cycles decrease Z.%

If one uses the linear relation (8) the above statement
is nothing else but the stability criterion, i.e. an extended
Hiickel rule,® for an arbitrary network of conjugated
hydrocarbons.

As mentioned earlier, for AH's ay+,=0 for all £ and
we have Ye=0. If the size of the smallest odd-cycle in
G is 2g+1, one gets a;=a3=""=ay9—,=0 and ayy,,=
—2n94,1, Where 7yg,, is the number of such cycles.5:16)
Therefore the sign of Yy is equal to the sign of the term
(—1)"*ayy,,. That is,

~0 if the smallest odd cycle

~ in @ is of the size 4m+1
Y, = ] (22)

{ <0 if the smallest odd cycle

in @ is of the size 4m+3,

as shown in Table 1. Hence, ¥4 presents a topological
index which in a particular way reflects the non-
alternant character of a z-electron network. It is
important to emphasize that Y, distinguishes the
(4m+1)-rings from (4m—-3)-ones, which seems to be
the most important structural factor in determining Q ,.
A consideration analogous to that used for the deriva-
tion of Eq. 21 gives
Y, .__Sz\'(_l)pﬁ(p-—p.u)/z (23)
showing that the indices Zs and ¥, are algebraically
closely related. Sy, is the set of all the directed Sachs
graphs with odd number of vertices, which are
contained in graph G. However, it is not necessary to
draw all these graphs in order to determine the value of
Ys. A simple graphical method for the enumeration of
Ye is given in Appendix II.

Topological Charge Density

Following the discussion above it is natural to use the
Fs,, value for y=1 as a kind of topological index for
representing the net charge density on atom r in hydro-
carbon G.
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Substitution of Eq. 10a into Eq. 6 yields
Fopr(1) = (Zogr +i¥0e)[(iZ6— To), (24)
whose real part is expressed as
Q7 = Re(Fg,,(1))

—_ ZG ?Ger - YGZGGT
Zaz + ygz

(25)

and will be called as the topological (net-) charge
density. Although all the quantities in the right-hand
side of Eq. 25 are derived from the characteristic
polynomial, they can easily be obtained graphically by
hand calculation as in Appendix II even without
knowing the characteristic polynomial.

TABLE 2. TOPOLOGICAL CHARACTERISTICS OF SUBGRAPHS
OF GRAPH IV AND ITS TOPOLOGICAL CHARGE DENSITIES

T Pgor (%) Zaer j;aer ;o Q.rb)
1 x5—5x31 5x 11 0.165 0.300
—2 2 ’ '
2 w4l 8 0.059  0.073
0 . .
3 x—5x3+4x 10
2219 4 —0.095 —0.215
4 x5—5x34 3x 9
92 _9 —0.018 —0.072
Z. Yo, — Y.Z
T “6-Gor G G@r. — 1
a) Q7 771 7,2 b) Q,=1—g¢,, where

g, is the Coulson charge density calculated from the
HMO's.

Examples are shown in Table 2 for graph IV, for
which the topological charge density Q7 is correlated
fairly well with the charge density calculated from the
Hiickel MO's. It is to be noted that the sign of the Q,
value is correctly predicted by Q7. Correlation between
Q, and Q7 was extensively studied for typical NAH
molecules. The results are summarized in Table 3,
from which the following conclusions are drawn.

TABLE 3. COMPARISON BETWEEN THE TOPOLOGICAL CHARGE
DENSITY QT AND THE HUCKEL CHARGE DENSITY Q . FOR
TYPICAL NON-ALTERNANT HYDROCARBONS

G r Zooy Yoo a) o7 Q.

I 1 4 —2 —4 —0.100 —0.488
2 2 0 4 0.100 0.123
3 3 0 6 0.150 0.182

II 1 11 2 10 0.038 0.378
2 5 0 —10 —0.038 —0.047
3 8 0 —16 —0.062 —0.092
4 7 0 —14 —0.054 —0.073

111 1 29 —2 —26 —0.015 —0.311
2 13 0 26 0.015 0.024
3 21 0 42 0.024 0.058
4 18 0 36 0.017 0.038
5 19 0 38 0.021 0.047

IV 1 11 2 90 0.165 0.300
2 8 0 32 0.059 0.073
3 10 —4 —52 —0.095 —0.215
4 9 —2 —10 —0.018 —0.072
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Table 3. Continued
G r Zaer Yoor a) Qr Qrb)
Vv 1 24 2 —180 —0.059 —0.173
2 27 4 —108 —0.035 0.185
3 21 0 —252 —-0.082 —0.198
VI 1 63 —2 —928 —0.042 -—-0.047
2 71 —4 —1306 —0.059 —0.173
3 55 0 —550 —0.025 -—0.027
4 70 10 790 0.035 0.145
5 64 6 254 0.011 0.014
6 67 8 522 0.023 0.130
VII 1 176 —8 2560 0.017 -—0.119
2 168 —6 3072 0.021 0.118
3 184 —10 2048 0.014 —0.125
4 144 0 4608 0.031 0.133
VIII 1 10 —4 96 0.188 0.106
2 8 —4 64 0.125 —0.211
IX 1 21 0 336 0.166 0.295
2 16 0 256 0.127 0.252
3 20 —10 —100 —0.050 —0.061
4 18 —6 36 0.018 0.119
5 26 —10 —4 —0.002 -—-0.503
6 22 -8 16 0.008 0.106
X 1 27 4 610 0.171 0.281
2 22 4 540 0.152 0.263
3 20 —10 —300 —0.084 —0.181
4 26 —10 —216 -—0.061 —0.157
5 24 —10 —244 —0.069 —0.165
X1 1 246 0 —12792 —0.046 —0.066
2 182 0 —9464 —0.034 —0.044
3 237 30 3336 0.012 0.091
4 207 18 —1308 —0.005 —0.008
5 242 24 —56 —0.000 0.073
6 167 18 712 0.003 0.002
7 199 —2 —11392 —0.041 —0.095
XII 1 199 —2 —14062 —0.064 —0.156
2 173 —8 —15130 —0.069 —0.161
3 219 20 —5174 —0.024 0.040
4 220 6 —11736 —0.053 —0.148
5 171 20 —2006 —0.009 0.060
6 216 44 6160 0.028 0.114
7 201 36 3438 0.016 0.093
XIITI 1 521 2 —12116 —0.008 0.066
2 443 50 49396 0.032 0.116
3 589 22 10700 0.007 —0.048
4 540 36 29376 0.019 0.101
5 541 22 12044 0.008 —0.049
6 587 50 45364 0.030 0.118
7 448 —20 —37264 —0.024 —0.091
8 568 —42 —67816 —0.044 —0.122

a) Zaf’aer— ?GZG@W Z, and Y, are given in Tabe 1.
b) Q.'r= 1_47*

(1) The topological charge density Q7 is useful for
estimating the relative magnitudes of Q, in an individual
NAH.

(2) The correlation gets worse but still satisfactory
for the following three groups of NAH’s with i) an
NBMO (non-bonding) (V, VII, and IX), ii) an anti-
bonding HOMO (highest occupied) (VIII), and iii) a
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bonding LUMO (lowest unoccupied).

(3) For relatively small NAH's (I-IV, VI, X)
excluding the above groups, both the relative orders
and the signs of Q, values are correctly predicted by

QL.
Discussion

As the mathematical form of Q7 is fairly simple a
number of general conclusions are drawn straight-
forwardly. Equation 25 suggests one to consider Q7
as a competition between the two terms ZoYeo, (= 4,)
and —Y¥:Zso, (=B,). Inspection of Table 3 shows
that for almost all the cases, the former term predo-
minates over the latter. Since Zs, as well as Zgo,.
is always posmve and the largest number among the
four indices in the expression of Q7, the relative magni-
tude of Yo, is in parallel with the Q_T value and hence
Q,. In this sense the first term A, is local or atomic
factor determining the Q, value. On the other hand,
the second term B, is a global or molecular factor,
since its sign is already determined by that of ¥, i.e.,
by the topology of G (See Eq. 22).

By using this logic one can prove that for a network G
in which the only entry of (4m+3)-cycle is a triangle, this
triangle is positively charged. Choose a vertex 7 in the
triangle. According to Eq. 22 Ye is negative and B,
positive. If there is no other odd cycle in G, Ya@, is
zero and so is 4,. Thus Q7 is pos1t1vc If there is at
least one (4m+1)-cycle, Yoo, is p051t1ve and so are
4,and Q7. Thus Q7 is always positive. If a heptagon
or a higher-member of (4m--3)-cycle coexists with a
triangle in network G, it can be shown that the electron
repulsive power of a triangle is stronger than that of a
larger (4m+3)-cycle.?  Then unless the conflict
between two or more triangles occurs a triangle is
shown to be always positive. Although this is a well-
known conjecture in the MO theory based on a huge
collection of numerical data, there has never been
given a general proof for an arbitrary network by
conventional perturbation treatment. In order to make
the proof complete it will be analyzed in detail in the
forthcoming paper that the signs of QF and Q, are
expected to be the same for almost all the cases with a
very few exceptions as XIII. Similarly one can conclude
that a pentagon is negatively charged in almost all
the cases.

In conclusion it will be worth noting that by using the
relations (8), (13), and (25), one can get a novel relation

QT = exp (—Ex(G)/0)[ Yoor— Yo exp (= Li/e)]
where L,=E;(G) —E;(Ger) is the localization energy?5:26)
of atom 7. This interesting relation shows that the

value of Q, is not independent of the stability of the
molecule (E;) and the reactivity of its considered site

(Ly)-
Appendix I
Proof of Eq. 4b

Given two different functions F¥(y) and F¥*(y) for an AH
as

FE(y) = N — pA'(9)/4(®) (4a)

Topological Charge Density
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FE*(y) =7 In | y¥Pe(1/) . (4b)
and we will show the following equality
too +oo
(e = (R (). (A1)
Integration of F¥*(y) by parts one gets
1={"Fr)0
o e
= DFFON - | HAFS* )/}
4o
o L CLAOT L (a2)
by noting that F¥*(y) is an even function for AH’s.
Differentiation of Fg*(y) with respect to » gives
dFE*(9)/dy = =2~ In | »"Pe(1/ip)| + y72A())
= —TIFEH(y) +7°409), (A3)
where
A(y) = N — Py'(1/iy) {ipPa(1/D)}- (A4)
Substitution of Eq. A3 into Eq. A2 gives
I=2I— S”"y-m( 5)dy. (A5)
Thus we have
4o
I= S_my‘zA(y)dy (A6)

Transformation of y=—Y-1, dy=Y-2dY gives the relation

[ ([
([ o

= S“’d Y. (A7)
From Eqs. A4, A6, and A7 one gets
4o
I= S_”F;,"( ). (A8)

(Q.E.D.)

Appendix II
Graphical enumeration of Y, value.

The coeflicients of the characteristic polynomial Pg(x)
are related with the topological index of the parent graph @
and its subgraphs {GeR;}, where R; is a cycle or a set of r,
disjoint cycles with a total of n; vertices, as1)16)

Po(x) = S1(=1)*p(G, R~

R;CG m,
+ 51 S = DH(=2)"p(GeRy, kst (A9)
i k=0
Since the ¥ value is a collection of the coefficients of the
terms x¥=2¥-1, only the contribution by the odd-membered
cycles are counted. Then it is straightforward to have

n¢—2L¢+1
¥, = E (=1t (= 2)"2‘:(—1)"11(09&, k)
ng=2l;+1
Ric@
= E (_l)li+1(—2)rizﬂeki’ (AIO)
7
which is to be compared with the expression for Z;®
ng=2l;
_ AT
Ze=2Zs+ Y} (=1)4(=2)"Zso, (A11)
T
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/b
TasLE Al. @G
\/

nERT L cer, Pog ((:(211)33:5 AxB
1 > 11 < 3 -2 —6
2 \/_\/ 2 1 e 1 2 2
Po(x) = (38— Txt+ 1 1x2—4) + (—2x342x) Yo=—4

Zy=1—(=7)+11—(—4)=23  Y,=(—2)—2=—4

TasLe A2. G: <>— —<|

—2)"s X
m=20+1 o, Zoom (TANX
R s 1y GoeR; (A)t ((IB))c AXB
1 <‘ 11 <>— 10 -2 -2
/l
2 <>\ 3 2 e 1 4 4
PG(x)=(x3—9x6+22x4—10x2)+(—2x"’—!—le"—‘LQ
Tom—16

Zy=1—(—9)422—(—10)=42
Ye=(—2)—10+(—4)=—16

In Tables Al and A2, examples of obtaining Z; values for
graphs IV and IX are given, respectively.
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